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2.3. REYNOLDS-AVERAGED EQUATIONS 35

Similarly, for a triple product, we find

PPE = BVE + ¢'P/= + /€D + 'V + ¢/y'¢! (2.15)

Again, terms linear in ¢', v' or £’ have zero mean. As with terms quadratic in
fluctuating quantities, there is no a priori reason for the cubic term, ¢’vy’¢’, to
vanish.

2.3 Reynolds-Averaged Equations

For simplicity we confine our attention to incompressible, constant-property flow.
Effects of compressibility will be addressed in Chapter 5. The equations for
conservation of mass and momentum are

Ou;
=0 2.16
Ou; Oou; 0 Aty .
el s g e e s e W 2.17)

ot Oz 0z; Oxj

The vectors u; and x; are velocity and position, ¢ is time, p is pressure, p is
density and ¢,; is the viscous stress tensor defined by

tij = 2;1,51‘]' (2.18)

where p is molecular viscosity and s;; is the strain-rate tensor,

1 [ 0u; Ouj
e e iy 2.19
=g <drj - 011-) (219)

Note that s;; = s;;, so that t;; = ¢;; for simple viscous fluids (but not for some
anisotropic liquids).
To simplify the time-averaging process, we rewrite the convective term in
“conservation” form, i.e.,
aui 0 auj' 0
U;— = ) —u— = —(uiu; 2.20
j(‘)a:j aq:j( J i) l@mj ij( J i) ( )

where we take advantage of mass conservation [Equation (2.16)] in order to drop
u;0uj/0x;. Combining Equations (2.17) through (2.20) yields the Navier-Stokes
equation in conservation form.

ou; 0 op 0

—(uuy) = — — (2845 221
# ot +/)(‘).’I:j (u]u ) Ox; * ()TJ( Néjj ( )
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NTRODUCTION

Chapter 2

The Closure Problem

Because turbulence consists of random fluctuations of the various flow properties,

we use a statistical approach. Our purposes are best served by the procedure

introduced by Reynolds (1895) in which all quantities are expressed as the sum of
inuity and Navier-

mean and fluctuating parts. We then form the mean of the conti
Stokes equations term by term. As we will see in this chapter, the nonlinearity of
leads to the appearance of momentum fluxes that act

the Navier-Stokes equation
as apparent stresses throughout the flow. These momentum fluxes are unknown
a priori. We then derive equations for these stresses, which include additional
unknown quantities. This illustrates the issue of closure, i.e., establishing a
sufficient number of equations for all of the unknowns. The chapter concludes
with a discussion of turbulence scales and more-advanced statistical concepts.
To illustrate the nature of turbulence statistics, it is instructive to observe
how the velocity field behaves for a turbulent flow. Figure 2.1 shows measured
velocity profiles, u(y), for a flat-plate boundary layer. Plotted with a series

| JMUDIL

Figure 2.1: Instantaneous boundary-layer velocity profiles at the same distance
from the leading edge of a flat plate at 17 different instants. The profiles are
shown with a series of staggered origins. [From Cebeci and Smith (1974) —
Copyright © Academic Press 1974 — Used with permission.]

29




image2.jpeg
jonyf 2y puo j0quAs
wds aspo-12040] D Aq
onuaau0d g A LON

X)! ‘Uedw © JO WIS
J & yons Iog "SPloY
-3urSesone SploUA]
1oASMOY AJI[EISUSS JO
0 jutod sy wold

‘sisaypodAy
 soSe1oAe 921U} 9S°)
By} 90US[NGIN} 10,

AR AU} quowiiedxd o, U
1 wopuel Aq IoJ3Ip 1eu
opl N WO SIUSUWINS
op ey} smopy “3'9 103
ngeIdAL J[qUIASUY

[
aAey
| sereurpio0d [eneds [[e
1 U0 ()} MO[J Jus[nNqQinm
| SwiSesoae [eneds
-aroydsoune Y}
e Iy ATeuorjels aIe
| SuiSeione spjoukay Jo
\ UBSW JO SSOUIPEa)s S}
poukay Jo Anpiqeorjdde
nooe 10] SurdeloAe duwn
dop aqgoid Ayoo[aA YL

o

m sj| (2 x)f se s[qeLiEA
mo[q paads-jueisuod e Kq

/dAAY SATONATY 1

'SuonoaIIp |8
ul 931e] 2B SANI00[AA Furemon|y Jey) sajexsnijl osfe siy], 10[d 10309A-A1100[9A JO puIy B A[[BaI QI8
sojyoad panpeannu Apuaredde ay) pue ‘[om Se uonouwl [BorA JO S199JF° apnjour safiyoid ayy jey
0s “doryans 3y 01 [3[[ered Jusuodwiod A11D0[9A Y} J1R[OSI JouuRd AnbIuyd 9]qqnq-usoIpAy Ay,

uaALIp adid ® ur mofj se yons ‘ouIn yim AIeA Jou S90p ‘9FeIoAr U} UO IeY) MO[J
us[nQIn) B o'l ‘9dud[nq.an) Aieuonels oy sjeudordde st Suidesoe awry,
Jueawy,, ST $9s59001d SurderoAe 9sat) 9qLIOSIP 0) pasn
uLe) [eIoussS oyl :95eIaAE I[QUIISUD Oy} pue deiaAe [eneds 2y ‘9fe.aoAe suin)
oY} a1 (2JBasal [9pOUI-90ua[nginy ur jusuriiad JSOW SULIO) 921y} 9], ‘UOHeUIlnS
© JO [eISojul ue JOUJIS SUIA[OAUI SULIOJ JO AJoLIA B Sownsse JuISeIoAe SPlOUAY
‘[eroua3 Uy "(S681) SPIOUAY Aq peonponur s1daouod SuiSeIoAs o) YIm UISoq A\

SuideadAy Splousdy [T

[uoisstuiad ypm pasy) — pL6] Ssedd duappy Q) wStaddod — (#L61)
Yy pup 100920 wodf] awid wif v Jo a8pa Sulppa) ay] wo4f 20uDISIp dUDS
ay1 v sajifosd Q100 dadvj-Aippunoq a3viaap pup Snoaumupisu] 7'z 231

ajyoid a3eIoAy (q) ur3uo auo — saqyoid [y (e)
n 1

“101ABYRq Xa[dwoo A[juesoyur SIy)
9zATeur 0} pasn SPOYIaW [BO1ISIIE)S [BOISSE[O Ay} 210[dXa om ‘SuOnods Jurmof[of
oy} U] "en[eA UBAW Y} 0} 2ANE[eI uoneqinuiad [[ews B se papiedal oq jouued
AK)JI00[0A Q) Ul SUOTIBMON[} JuUe[nqiny Y3 Jeyl seyensny[l Apes[o (q) pue (&) ul
sa[yoad oy} Jo uosuedwo) “IoquInu SPJOUASY Swes JY) Je JoAe] A1epunoq e 1oj
o11y01d A310019A UBSW pIEpUR)S B SMOYS (q)7'Z 9IN31,] *90BJINS 9Y) WO} A 30UB)SIP
[oea je AJ100[3A U} JO anjeA Y} Ul I9)eOS 93Ie] & SI 210y} A[Je9[D "UISLIO uow
-Wwod ' YaIm awn SIy) Ajuo ‘seqjord A3100[eA oY) Jo [[e sAe[dsip (8)z gz 231

“IXoU SY} 0} JUBISUI QUO WO} A[[eonjBUIRID
Joyper odeys soSueyo oqyord AJI0O[A oY) JBYY MOYS A[3001109 safijoid A3100[oA
paInsedw 9y} ‘SUOHEIO] MdJ B Ul panjeannur Appoauoour Jeadde soqyord oy
“3-9 ‘opnio 31q ® sI poyjeuwr [ejusuiLiedxa ay} o[IyAy "onbiuyos) 91qqnq-uaSoIpAy
oy} SUISn SIWI) JUSISIJIP [BISASS B PAINSeawl Usaq ALy pue 93pa Jurpedy djerd
oU} WO 2oue)SIp swes dy} 0} puodsarios soqyoid £] B ‘suidLio pa1dgdels jo

WHTHOdd HINSOTO HHL T Y4LIdVHD 0¢





image3.jpeg
URE PROBLEM

istance from the
t times using the
a bit crude, e.g.,
s, the measured
ges shape rather

ime with a com-
velocity at each
1 velocity profile
n of the profiles
in the velocity
n value. In the
used to analyze

profiles at the
beci and Smith
nission. ]

)5). In general,
n integral or a
esearch are the
e general term

€., a turbulent
1 a pipe driven

to the surface, so
ultivalued profiles
cities are large in

2.1. REYNOLDS AVERAGING 31

by a constant-speed blower. For such a flow, we express an instantaneous flow
variable as f(x,t). Its time average, Fr(x), is defined by

1 t+T

Fr(x) = Th_rféo? t f(x,t)dt 2.1
The velocity profile depicted in Figure 2.2(b), for example, was obtained using
time averaging for accurate measurements of a similar boundary layer. The
applicability of Reynolds averaging (of whatever kind) implicitly depends upon
this steadiness of mean values. Time averaging is the most commonly used form
of Reynolds averaging because most turbulent flows of interest in engineering
are stationary. There are important exceptions, of course, such as the motion of

the atmosphere.
Spatial averaging can be used for homogeneous turbulence, which is a
turbulent flow that, on the average, is uniform in all directions. We average over
all spatial coordinates by doing a volume integral. Calling the average [, we

have
Fu(t) = Jim % / / / F(x,8)dV 22)

Ensemble averaging is the most general type of Reynolds averaging suitable
for, e.g., flows that decay in time. As an idealized example, in terms of mea-
surements from N identical experiments (with initial and boundary conditions
that differ by random infinitesimal perturbations) where f(x, t) = fa(x,t) in the
n'? experiment, the average is Fg, defined by

N
Foltt) = Jim =3 fa(x) 23)
n=1

For turbulence that is both stationary and homogeneous, we may assume that
these three averages are all equal. This assumption is known as the ergodic
hypothesis.

From this point on, we will consider only time averaging. There is no loss
of generality however as virtually all of our results are valid for other kinds of
Reynolds averaging. Consider a stationary turbulent flow so that Equation (2.1)
holds. For such a flow, we express the instantaneous velocity, u;(x,t), as the
sum of a mean, U;(x), and a fluctuating part, u;(x, ), so that

ui(x,t) = Ui(x) + uj(x, t) 2.4)

NOTE: By convention, throughout this text the instantaneous variable is denoted
by a lower-case symbol, the mean is denoted by the corresponding upper-case
symbol and the fluctuating part is the lower-case symbol with a prime.
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2.1. REYNOLDS AVERAGING

ui(x,t)/l

U; (X,t)

I

Although obscured

Figure 2.4: Time averaging for nonstationary turbulence.
), has continuous

by the scale of the graph, the instantaneous velocity, ui(X,t
derivatives of all order.

e modified to accommodate such applications.

Equations (2.4) and (2.5) must b
method is to replace Equations (2.4) and (2.5)

The simplest, but a bit arbitrary,

with
wi(x,t) = Ui(X,t) + uh(x, t) (2.8)

and
1 t+T
Ui(X,t) = ? / ui(X,t) dt, T T K T2 (29)
t
where Ty is the time scale characteristic of the slow variations in the flow that
we do not wish to regard as belonging to the turbulence. Figure 2.4 illustrates

these concepts.

A word of caution is in order regarding Equation (2.9). We are implicitly

assuming that time scales Ty and T, exist that differ by several orders of magni-
tude. Very few unsteady flows of engineering interest satisfy this condition. We

cannot use Equations (2.8) and (2.9) for such flows because there is no distinct

boundary between our imposed unsteadiness and turbulent fluctuations. For such

flows, the mean [as defined in Equation (2.9)] and fluctuating components are
correlated, i.e., the time average of their product is non-vanishing. In meteorol-
ogy, for example, this is known as the spectral gap problem. If the flow is
periodic, Phase Averaging (see problems section) can be used; otherwise, full
ensemble averaging is required. Phase averaging is a type of ensemble averaging
with phase angle replacing time. For a rigorous approach, an alternative method
such as Large Eddy Simulation (Chapter 8) will be required.

Clearly our time averaging process, involving integrals over time, commutes

with spatial differentiation. Thus, for any scalar p and vector u,

(2.10)

m:‘ PJ and 'u—i,—j: U»L',j
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